MUMBAI UNIVERSITY

SEMESTER 2
APPLIED MATHEMATICS SOLVED PAPER — MAY 2018

N.B:- (1) Question no. 1 is compulsory.
(2) Attempt any 3 questions from remaining five questions.

Q.1.(a) Evaluate fooo 5-4% dx [3]

Ans: Let — [ =—4x?
1=[,5 dx

put 5—4x2 < ol
taking log on both sides,

4x*log5 =t

diff. w.r.t x,

t—1/2

dx=7—4 o5 S

dt lim—[ 0, o ]

I B € -1/2
“1= Jo Fvigs t

ol —t t71/2 gt

_ 1 oo
_Wﬁgfoe

SN VRN 0000 “et. t71/2 dt=
ITog5 ¢ fo € v }

(b) Solve ﬂ = x.y with help of Euler’s method ,given that y(0)=1 and find
dx

y when x=0.3 [3]
(Take h=0.1)

Ans : dy—x.y:f(x,y) X0=0,y0=1

dx
Yn=Yn-1+ h-f(xn—l,yn—l)




Iteration (n) Xn YVn f(x, yn) Yn+1
= Yn
+ h.f(x,, Yn)
0 0 1 0 1
1 0.1 1 0.1 1.01
2 0.2 1.01 0.202 1.0302

-y(0.3)=1.0302

(c) Evaluate % + Z% +y=0
Ans: put %=
~ D*y+2D?’y+y=10
~D*+2D*+1=0
Put D*=1t
=> t2+2t+1=0
=> t=—1-1

Roots are: D=+i,-i,+i,-i

The complementary solution of given eqn is

Ye =Yg = (€1 +xCz)cos x+ (C3+xCy)sinx

(d) Evaluate fol\/\/f— x dx

Ans: Let I=f01\/\/y_c—xdx

| = fol VE = VxAT dx
Take VX common,

I =f01 x1/4\T=x%7Z dx
Put xl/2=t

Squaring both sides,

3]

3]




X = l:2
Differentiate w.r.t x,
~dx = 2t. dt

Limits after substitution: Lim —[0,1]

al= [JE2VT =€ 2.t dt

=2 [ 32VT—t dt
=2ﬁ(§,g) ...... ([t (1-O"=Bm+1n+1))
n1==I
8
(e) Solve: (1+logxy)dx + (1+X)dy =0 [4]
y

Ans: Compare given eqn with Mdx+Ndy=0
~M=(1+logxy) ~N=1+2
y

oM 1 1 aN 1

X == — e
y ax y
M AN
9y — ox

Wy xy

Hence the given differential eqn is exact.

The solution of exact differential eqn is given by,
fde+f(N—3"_nydx)dy =C ez )
[Mdx =[(1+logxy)dx =x+ log xy.x —x = x.log xy
aayf Mdx =3
JIN-2 [Mdx)dy=[(1+2-Ddy=y

From eqgn (1), the solution of given differential eqn is,

X10gXyFYy=C

_ 1 w/I+x2 d.X'dy
(f) Evaluate | = fo A ol [4]




Ans : | Vi+x? _dxdy
_ff 1+x2+y?

Q.2.(a) solve xy(1+xy2)2' =1

dx
. dx
Ans: 2 2= xy 4+ x2y3
dy
1 dx 1
—_—— - = Now, put — = v
x2dy «x y y p x
dv 1dx dv
1 2E& W e e F
dy x2dy dy

This is linear differential eqn.
y2
- Integrating Factor=e/ Y = ez

The solution of linear diff. eqn is given by,

v.(LF) = [(I.F.))(R.H.S) + ¢

Where c is constant of integration.

(b) Find the area inside the circle r=a sin@ and outside the cardioide
r=a(1+cos@ )

Ans : Intersection of cardioide and circle is,

r=a(1+cosf@) and r=asinf

[6]

[6]




r=asinf y %a
-— \Za X
\

r=a(1+cos0)

asinf = a(1+cosf) => 0 = 90°
a(l+cosf@) <r £ asinf
;—r <0sm
Area of region bounded by given circle and cardioide,

f fa(1+cos 0) r drdo

S 1
= fr 7(smzﬁ' —1—2cos 0 — cos?0) do
z

2
= fr 2 (—1—2cos 0 — cos 26)d0
z 2
T
=a2 [0 26in e_sm20 ] n
Z 2 z
2
= [(m=0-0)-(-"—2-0) ]
2 2
Required areais=1= __ (2-])
2 2
(c) Apply Rungee-Kutta Method of fourth order to find an approximate value
of y when x=0.2 given that d_y =x +y wheny=1 at x=0 with step size
dx
h=0.2. [8]
Ans: dy—x+y X0=0 ,y0=1 ,h=0.2
dx
fx,y)= x+y

k1= h.f(xo y()) =0.2 f(0,1) =0.2

kz =h.f(xo + ", yo + ) = 0.2 (0.1,1.1) = 0.24
2 2




ks = h.flxg + 2,0 +2) = 0.2f(0.1,1.12) = 0.244

ks =h.f(xo + h,yo + k3) = 0.2 £(0.2,1.244) = 0.2888

k1+2ko+2ks+k 0.24+0.48+0.488+0.2888
=1 26 3T - - =0.2428

k

The value of y at x=0.2 is given by,
y(0.2) = yo + k =1+ 0.2428

y(0.2) = 1.2428

Ans : Curve: 9ay?=x(x —3a)? = . (1)

The given curve is strophoid.

Al

A

(0,0) v 3a,0) ;

Differentiate eqn (1) w.r.t x,

18ay% = 2x(x — 3a) + (x — 3a)?

18ay% =3(x—3a)(x—a)

dy  (x-3a)(x—a)
Tdx T 6ay
Squaring both the sides,

dy .2  (x-3a)*(x-a)®
(E - 36 aZy?

A2 (3a)2(-a)
.o (a) = mz— ..................

dy 2 (x—a)2
° a) T 4ax

The perimeter of given curve is,

Q.3 (a) Show that the length of curve 9ay?=x(x — 3a)?2 is 4/3a.

[6]




S f“mrc"*w f3“\/1—4"—“* e

4ax

.S = f3a X a dx

0

.S = 1 f(g/—x+a dx
2a -
VO 0 Vx 3
1 [ 2xy a
=, | VE 4 2vx ]

v 3 0

o 4%+ 2v3a)
nS= 2\/3 ---------------- ( Half curve length)

= The total length of given curve = 2 S = 4 /3 units.

2
(b) Change the order of integration of fl —137‘2@—_& f(x,y)dxdy. [6]
Ans: Let 1= " f_lmf(x ,y)dxdy

Region of integration : —\/ZHL <x< 1+ \/_14
0<y=<1
Curves: (i) x=—V2y—y2 => x24+y2=2y => x*4+(y—-12=1
Circle with centre (0,1) and radius 1.
(ix=1+V1=92 => x-1)2+y2=1
Circle with centre (1,0) and radius 1.
(iii) y = 0 linei.e equation of x — axis.

(iv)y =1 line parallel to x — axis.

a2+ y-n=1 |

7oL

v

A
]
N

(>‘1)2+ y:=1




Divide the region R into R1 and R2
~ R=R1UR2

After changing the order of integration,

For regionR1 : 0<y<1-V1—x2
0<x<1
For region R2 : 0<y<Vi-(x—1)2
1<x<2

As the region is divided in two parts the integration will be the union of the two
region limits.

V1-—x2 V

1= [ T @y ax+ 7O f@y)dy dx

This is the integration after changing order from dx dy to dy dx
of given integration region.

(c) Find the volume of the paraboloid x? + y? = 4z cut off by the plane z = 4
[8]

Ans: Paraboloid : x* + y? = 4z Plane:z = 4

—> x?+ y? =4z

v

Cartesian coordinate —— cylindrical coordinates

8




(x,y,z) —» (r,0,z)

Putx =rcos@,y=rsin@,z=1z Lxt+ yt=1r?

.. Paraboloid: r% = 4z and Plane:z=4

If we are passing one arrow parallel to z axis from —ve to +ve we will get limits of z

C<z<4
4
0<r<4
0<9 <’
2

Volume of given paraboloid cut off by the plane is given by,
V=4 f§f4f§ rdrddz
0 Jo ’r°
4

=4 [F[4r— T 1 drdo
4

=4J§K(%~—£)drd0
=4f0§[2 ot

160

=4 [%(32-16) do

V = 32 m cubic units

Q.4 (a) Show that fol ’l‘:_; dx = log (a+1) [6]

1x%-1
Ans : let = o ws Togx X

Taking ‘a’ as parameter,

Nﬂ=ﬂ§§dx -------- (1)

differentiate w.r.t a,
di(a) d 1x%-1
—da = aafo Togz dX

di(a) 19 x*-1
c o= fomroge dx {D.ULS f(x)}




. dI(a)=f1x“.logxdx

da 0 logx
. di(a) _ 1 4
ao— == Jo x* dx
dl(a) =[ xatl 1
da a+tl ()
di(a) 1
cdre=art— 0
di(a) 1
So—do = o+t

now , integrate w.r.t a,

(a)=/ 1, da

I(a) =log (a+1) + ¢

where c is constant of integration

put a=0in eqn (1),
10)=["0dx=0

And q

Fromegn (2), 1(0)=c

s~c=0

~T=Tog(a+1)

dy

(b) If y satisfies the equation

Hence proved.

= x?y — 1withxy =0,y, = 1 using

Taylor’s Series Method find ydc’it x = 0.1 (take h=0.1).

Ans : e |

dx
To find: y(0.1)

y=xy—1

!

y =x%y + 2xy

x0=0,y0=1,h=0.1

’

)

y =x*y +2yx+2y+2xy ,

Taylor’s series is :

10

y =-1

=0
9

y’
y' =2
0

[6]




2 h3 27
y= 3’0+h)’0+§ Yo+ 3 Yo T

(0. 1)

y(0.1)=1+0.1(-1) + 0 + (2)
~y(0.1) = 0.9003
(c) Find the value of the integral f dx using (i)Trapezoidal rule (ii)
Simpson’s (1/3)"¢ rule (iii)Simpson's (3/8)" rule. [8]
. _ 1 x?
Ans : Let I = fo 3 dx
a=0, b=1
Dividing limits into 4 partsi.en=4 . h= bre_ % = 0.25
n
Xo =0 x1 =0.25 X, =0.50 x3 =0.75 x4 =1.0
yo =0 y; =0.06153 y, =0.2222 y3 =0.39560 y, = 0.5
(i) Trapezoidalrule: I= ;[X + 2R] (1)

X = sum of extreme ordinates = yy+y, =0+ 0.5=0.5

R = sum of remaining ordinates =y, +y, + y3
=0.06153 + 0.2222 + 0.39560 = 0.67933

0_25(0 5+2(0.39560)) e (from 1)

~1=0.2323
(i)  Simpson’s (1/3)"? rule:
=§[x+2E+40] --------------- (2)

X = sum of extreme ordinates = yy,+y, =0+0.5=0.5

E = sum of even base ordinates = y, = 0.2222

O = sum of odd base ordinates = y; +y3 = 0.06153 + 0.39560 =
0.45713

0_25(0 5+ 2% 0.2222 +4 X 0.45713)  .ccrrennen (from 2)

~1=0.23108
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(iii)  Simpson’s (3/8) " rule :

1=22[ X + 2T + 3R]

1=22%2(0.5 + 2 x 0.39560 + 3 x 0.28373)

= 1=0.2008

Q. 5 (a). Solve (y — xy?)dx — (x + x*y)dy = 0

Ans : (y — xy?)dx — (x + x’y)dy = 0

X = sum of extreme ordinates = yy+y, =0+ 0.5=0.5
T = sum of multiple of three base ordinates = y3 = 0.39560

R = sumof remaining ordinates = y, +y, =0.06153 + 0.2222 = (0.28373

Comparing the given eqn with Mdx+Ndy=0

M= (y —xy?) «N=—(x + x%y)
M _ . aN _
oy = 1-—2xy F (1+2xy)
- N
ady ox

The given differential eqn is not exact diff. eqn.

But the given diff . eqn is in the form of y. f(xy)dx + xf(xy)dy = 0

. 1 1 1
Integrating factor = I.F. =

Mx—Ny ~ xy—x2y2+xy+x2y2  2xy

Multiply the I.F. to eqn (1)

1 1
G~ g)dx—(5+ Ddy=0

. — 1
My = (Z_ g)

1
N1= —(54'%)
1 1
fMldx= f (Z_x_ %) dx = E(logx)— %

i} x
a_nyl dx = Ty

JIN, =3 [Mydx |dy= [25 dy = 2 (logy)

The solution of given diff. eqn is given by,

[6]
(1)




9
[Midx+ [ N1—a—ny1dx ldy = ¢

X

1 1
»—(logx)— Z— -~ (logy)=c

log(B)-F=c

2

(b) Evaluatefff\/l—z_z—%

Ans : Ellipsoid : % * %z +

Cartesian coordinates ______, spherical coordinate system
(x» Y, Z) —_— (T, 9' Q)
Putx =arsin@cos®,y=brsin@sin®,z=crcos@

dx dy dz = abc r? sin 0 dr d0 d9

Limits : 0<r<i1

13

z2 . . xz y2
— — dx dy dz over the ellipsoid — + = +
C a bz

8]




~1=8 [[[V1—71% abcT? sin6 dr d6 dp

8f07f07f0r\/1 —rZabcr?sin@dr do do

8 abc [2sin@do [7 do for 1—7rZr?dr

T T -
= 8abc [—cosB]2z [D]2 foi cos t.sin*t.cos tdt --------- { put r = sint}
0 0
= 8abc (g) (g) ............ { usif f™}
71.'2 b
=7 (abc)
2
() Evaluate (2x+1)222-2(2x+1)2—12y =6x (8]
. 2d%y _ dy _ =
Ans : (2x+1) T 2(2x + 1)a 12y = 6X v (1)
Put 2x +1) = e N ,
2
d - dy dydz dy 2
ax = ZED B .2 . (here D=7

~ (2x+D)® =2 Dy
dx

o (2x+ 1)2% =22D(D-1)y

From (1),

4D(D - 1)y — 4Dy — 12y = 6
2

(4D? —-8D —12)y = 3(e?—1)

For complementary solution,

(4D?>*-8D—-12)=0

~ D= -1,3

Y. = €€ T T €7

For particular integral ,

Yo = oy X

14




1
Y» = iz € — 1)

3 1
yp=zm(ez—1) putD=a=1and D=a=0
3

1 z
“Vp = 4(5_2)

The general solution of given differential eqn is,
— 3 1 ez
S Yg =Yt Yp= Cr1€ Z+c2332+ 1 (5_1 )

Resubstituting z,

“yg= 12x+ 1)1+ (2x + 1)3 + z (é_ (Zx;-l))

Q.6.(a) A resistance of 100 ohms and inductance of 0.5 henries are connected

in series With a battery of 20 volts. Find the current at any instant if
the relation between L,R,E is L% + Ri = E. [6]

Ans : LE+Ri=E
dt

di Ri

E
at ' L L

Solution is given by,
IS t_ (O E
ie'v "= [e ropdt+ec

.  e(R/)
i e®YL) = —— ¢

Att=0,i=0 ..c=-

x| =

Rt/ _
2 Le®/M) = Fe T 7F
L R

ni= L (1 - e RD)
R

For given condition R=100,L=0.5, E =20
~0=0.2(1- e_zo"t)

15




2 X
(b) Solve by variation of parameter method % + 3%’ + 2y = e€.

[6]

. d?y dy  ex
Ans : m + a + 2y = e
PutD=d% ~D*y+3Dy+ 2y=0

For complementary solution,
f(D)=0
~ D2+3D+2=0

D= -1,-2
Yo = cre ¥+ e
Particular integral is given by,
—y2 X
Yp = Y1P1 + Y22 where p; = [ 2% dx
X
P2 = fle dx
Y1 Y2
w=|[| ., "/
Y1 Y2
. 1€ e 2x il -3x
Ad l—e‘x Ze‘z"I —¢

— X
e 2% g€

p1=[—5—dx= [e” .e"dx= [e' dt= e ..{pute* =t=>e"dx=dt)

—x
p2=[—.e dx= [e” . e¥dx= [te'dt= e'e” — e

X X X — =5 X
S Yp = eXe® — (exee — e° )_e 2x — o~ 2x ge

The general solution of given differential eqn is given by,

—_ — — X
Vg = Yt ¥p= Cre*+ce”* + e e°

(c) Evaluate [ [ xy(x — 1)dx dy over the region bounded by xy = 4,y =
0,x=1andx =4 [8]
Ans : Letl= [ [xy(x—1)dxdy

Rectangular hyperbola: xy = 4 Lines:x=1,x=4,y=0
16




Intersection of line x = 1 and xy = 4 is (1,4).

Intersection of linex = 4 and xy = 4 is (4,1)

vh 4 x=1 1‘ x=4

>\ e xy:

4

(==}

A

<

IA
NN

1

s = ff [¢(x2y — xy)dy dx

_ (4 ry% 2 »2x X
= S5 ¥ -5 T

IA
IA

X

J[@®=2) dx

[8x —8log x ] ‘;

~ 1=8(3—-2log?2)
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